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Abstract

By virtue of the Stroh formalism, we derive the exact closed-form solutions for the time-dependent two-dimensional Green’s
functions due to a line force and line dislocation in an anisotropic bimaterial with a viscous interface. We first reduce the boundary
value problem to two coupled homogeneous first-order partial differential equations, which can be solved using a decoupling
technique. The full-field expressions of the time-dependent displacements and stresses due to the line force and line dislocation
interacting with the viscous interface are obtained.
© 2007 Elsevier Masson SAS. All rights reserved.
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1. Introduction

The influence of the interfacial viscosity in composites should be taken into consideration under some situations.
For example viscous interfacial layers are often introduced artificially to tailor the mechanical properties of laminates,
such as the damping performances. On the viscous interfacial layer, the sliding rate § and the interfacial shear stress t
obey the linear law

5= T (1)
n

where a dot over the quantity denotes differentiation with respect to time ¢, and 7 is the interfacial viscosity which can

be determined experimentally. Ray and Ashby (1971) and Suo (1997) suggested that the microscopically diffusion-

controlled sliding mechanism can also be macroscopically described by Eq. (1).

Based on the interface model described by Eq. (1), He (2001) and He and Lim (2001) studied the time-dependent
mechanical responses of the particle- and fiber-reinforced composites with the viscous interface. It is found that
significant stress relaxation occurs, and the effective elastic moduli of the composites change remarkably with time.
He and Liu (2005) analyzed the mechanical damping of fiber composites with viscous interface. He and Jiang (2003)
studied the time-dependent mechanical responses of laminated strips with linearly viscous interfaces in cylindrical
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bending. Chen and Lee (2004) investigated a simply supported angle-ply laminated plate in cylindrical bending with
viscous interfaces under static loads based on state-space formulations. As far as we know, the Green’s function
solutions for an anisotropic bimaterial with viscous interface have not been recorded in the open literature. The results
of Barnett et al. (1998) show that in an elastically anisotropic medium second slip-wave modes can exist for many
orientations of slip surface and wave direction in the slip surface. Such slip modes are not possible in an isotropic
medium; they are purely anisotropy effects.

In this work, we study the time-dependent mechanical response due to a line force and line dislocation in an
anisotropic bimaterial with a viscous interface. The analysis is restricted to a quasi-static process in which the in-
ertia force in the two anisotropic half-planes is ignored. As a result the Stroh formalism for two-dimensional (2D)
anisotropic elasticity (Stroh, 1958; Ting, 1996) can be conveniently employed.

2. The Stroh formalism

In a fixed Cartesian coordinate system x; (i = 1-3), we let u; and o;; be the elastic displacement and stress in an
anisotropic elastic material. The equations of equilibrium and the stress—strain law are

0ij.j =0, 0ij = Cijkslk,s, ?)
where the subscript comma denotes differentiation, and Cj ;s are the elastic constants. Here the inertial force of the
anisotropic material is ignored. For a 2D deformation in which u; depends on x; and x, only, one can seek the solution
in the form (Stroh, 1958; Ting, 1996)

u=[ur wuy us]"=af(x+px,1), 3)

where the superscript 7" denotes transpose, a is a 3 x 1 column, p is a complex number, f (-, ¢) an analytic function.
The appearance of the time ¢ is due to the influence of the viscous interface. Thus all equations in (2) are satisfied for
the arbitrary analytic function f (-, ¢) if (Ting, 1996)

[Q+p(R+RY) + p*T|a=0, “4)
where the 3 x 3 real matrix R and the two 3 x 3 symmetric matrices Q and T are defined by
Qit =Cii1,  Rik=Ciirz, Tix = Cizka. )

For a stable material with positive-definite energy density, the six roots of (4) form three distinct conjugate pairs
with non-zero imaginary parts. Let p; (i = 1-3) be the three distinct roots with positive imaginary parts and a; the
associated eigenvectors, then the general solution is given by (Ting, 1996)

u=1[u; ur usz]'=Af(z,1)+Af(z,1),
®=[p1 ¢ 31" =Bf(z, 1) +Bf(z 1), (6)
where ¢; (i = 1-3) are the three stress functions, and

-1 )

b; = (R" + p;T)a; = ?(Q +piRa;  (i=1-3),
1

A=Ja; ay a3l B=[b; by bz],
fz,0) =[fiz1,1)  folz2, 1) f3(z3, D1,

zi=x1+ pix2, Im{p;}>0 (G =1-3). @)
Thus the stresses are given by

oil=—¢i2, oi=¢i1 (=1-3). ®)
The two matrices A and B satisfy the following normalized orthogonal relationship (Ting, 1996)

[gi ﬁi][ﬁ %]:1. ©)
Furthermore, the following three real matrices S, H and L can be introduced (Ting, 1996)

S=i(2AB" —I), H=2iAAT, L=-2iBB" (10)

with H and L being symmetric, and SH, LS, H~'S, SL~! being anti-symmetric.
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3. Green’s function solutions

Two jointed semi-infinite anisotropic elastic solids consist of solid 1 (x > 0) with elastic constants Cl.(},zl and

solid 2 (xp < 0) with elastic constants C i(jZIZl' Assume that a line force f and a line dislocation with Burgers vector b
are located at [X, X2] (X2 > 0) in the upper half-plane of the bimaterial. Throughout this paper, the subscripts 1 and
2 (or the superscripts (1) and (2)) are used to identify the quantities in the upper and lower half-planes, respectively.
The two anisotropic half-planes are bonded together through a viscous interface x, = 0. The boundary conditions on
the viscous interface can be expressed as (see He and Jiang, 2003, Chen and Lee, 2004)

Mm_ 2 m_ 2 m_ 2
Ojp =013 Oy =03, 03 =03,

u$? =ul?, xy=0and7 >0, (11)
2 _ - (1) - (2) 2 _ - (1) -(2)
013 —’71(”1 — i ) 03 —’73(”3 —lUj )

where 11 and n3 are the viscous coefficients in the x| and x3 directions, respectively. At ¢ = 0 when the line force and
line dislocation are just introduced into the upper half-plane, the displacements across the interface have no time to
experience any jump from the dashpot. Therefore at the initial time ¢+ = O the interface is a perfect one. In addition we
ignore the inertia force in the two anisotropic half-planes, and, as a result the Stroh formalism outlined in the previous
section can still be conveniently adopted to address this problem. In the following derivations, we will replace the
complex variables z; (j = 1-3) by the common complex variable z = x| + ix2 due to the fact that 7y =20 =z3 =z
on the real axis (Clements, 1971). When the analysis is finished, the complex variable z = x + ix, shall be changed
back to the corresponding complex variables z; (j = 1-3). To facilitate the analysis, we introduce two new analytic
function vectors, h(z, ) defined in the upper half-plane and g(z, #) defined in the lower half-plane as

h(z,0) =[hi(z, 1) ha(z,0) ha(z, D" =Bifi(z, 1),

gz, ) =[gi1(z.1) &1 gz )] =Bahr(z, ). (12)
Eq. (11)1 can be expressed in terms of the two analytic function vectors h(z, ¢) and g(z, t) as
ht (i, 0)+h™(x,0) =g (x1,1) + 87 (x1,1), x=0. (13)

It follows from the above expression that

h(z,1) =8(z, 1) + ho(z) —ho(2),

h(z,1) = g(z.1) —ho(2) + ho(2), (14)
where

ho(z) =[h10(z) hao(z) h3o(2)]" = ﬁBl <In(z — %) > (AT +BTb), (15)
and

(In(z — 24)) =diag[In(z = 21)  In(z—2) Inz—23)], (16)

with z, = X1 + pa)ACz.
Eq. (11); can be expressed in terms of the two analytic function vectors h(z, ¢) and g(z, t) as

oMbt (xp, 1) = JaMih ™ (x1, 1) = JoMag™ (x1,1) — oM@t (x1, 1), x2 =0, (17)
where Jo =[0 1 0], and M; and M, are two 3 x 3 positive definite Hermitian matrices given by
(k) (k) (k)
My My, M
M =M} =| M5 M5 ME |=iAB ' =a-iSpL;! *k=1,2). (18)
(k) (k) (k)
M3 My Mgy
It follows from the above expression that
JaMih(z, 1) = —JaMag(z, 1) + JaMiho(2) 4+ JaMiho(2),
JaMih(z, 1) = —JaMag(z, 1) + JaMiho(2) + JaMiho(2). (19)
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In view of Egs. (14) and (19), the four analytic functions 4 ;(z,t) (j = 1-3) and g»(z, t) defined in the upper half-
plane can be expressed in terms of the two analytic functions g (z, ¢) and g3(z, ¢) also defined in the upper half-plane

as

hi(z,t) = g1(z,t) + h1o(z) — h10(2),

(€))] 2) n 2)
M + M5 _ M M
ha(z.1) = ——@———581(2.1) = —f——0583(z, 1) + h20(2)
M22 +M M22 +M
(@) (@) (€))] 2) (1) (1)
M +M M M M + M
— 5@ + 7(1) 5yh20() + 7(1) 5 130(2),
M5y + M, M,y + M, M5y + M,
ha(z,t) = §3(z, 1) + h3o(2) — h30(2),
(1) 2) (@) 2)
_ M M M. M _
Dz 1) = —H&(z, 1) — Hgs(z, )
M22 + M M22 + M
MS) +M1(é) _ 2M(1) M(l) M(l)

2 7 23 23 j
h10(z) + ———"5-h20(2) + ———5-h30(2).
My + M) MY +M My + M)

(20)

Similarly the four analytic functions & j(z,1) (j =1-3) and g>(z, 1) defined in the lower half-plane can be expressed

in terms of the two analytic functions g{(z, t) and g3(z, t) also defined in the lower half-plane as

hi(z,t) = g1(z, 1) + h10(2) — h10(2),

_ M) 4 W+ M2

hy(z,t) = —ﬂgl(z, 1) — ﬂgz(z 1) +ho(z)
M22 —|—M M22 —|—M

Ml(;)—i_M(l)h o M — M(2>h o M) M(l)h o
1 oz . 120(Z . 130Z
MY+ M2 M(l) Y M(l) Y

h3(z,t) = g3(z, 1) + h30(2) — h3o(2),

W4 7@ )+ m®
82(z, 1) = —ﬁng, 1) — ﬁ&(z 1)
MY+ M MY+ M
(M 4 7 () (0, 70
My + ity om) MY+
(0,100 F = 5 h0() + (1> 0.
MY + M2 MY + m2 MY+ Ml

Eq. (11)3 can be expressed in terms of h(z, ) and g(z, t) as follows

1 1 1 Do) () e
|:M1(1) MY Mf3):| oht(x1, 1) +1[M1(1) MY M1(3):| dh~(x1,1)
VIV R T DR ORETON v
MY ) M at MY MY M ot

2 2 2 2 (2 (2 —
y |:M1(1) M3 Mf;] 9g~ (x1.1) i|:M1(1) M3 Mf3):| 08t (x1.1)

@ 7@ 0 @ @ 0 x=0
M5 My My ot My My My ot
—1 dgy (x1.t) | 98 (x1.0)
_ |:’71 01} |: 18x1 + I8x1 :|
0 ~ dgy (x1.t) | 95 () |
E 3Bxl + 33x1

Substituting the results of Egs. (20) and (21) into Eq. (22), we finally obtain
1 98y (x1,1) dgy (x1,1)
m 0 | | Hu Hiz —=
0 n3' ]|t Hip Hy || 9g @10
o a1
_1 98] (x1.1) - 98, (x1.0)
__|m 0 B r _i| Hn Hi L
0 773_1 g7 (x1,1) Hi, Hy 983 (xi,n) |
9x ot

xp=0

21

(22)

(23)
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where

M) +ME) (M + M)
My, + M)

(Mg) M(Z))(Ma) M(2>)
My, + M)

My + M3 (M5 + M)
My, + M)

Hii=M) +M7 -

’

1 2
Hy = My + M3 —

1 —~(2
Ho=M3 + M3 - (24)

It can be easily shown that H1y > 0, Hy» > 0, Hi1 Hy — Hy2Hpp > 0. It is observed that the left-hand side of Eq. (23)
is analytic in the lower half-plane including the point at infinity, while the right-hand side of Eq. (23) is analytic in the
upper half-plane including the point at infinity. By employing the Liouville’s theorem, the left- and right-hand sides
should be identically zero. It follows that

-1 3g1(z 1) a81(2 1)
0
0 3 Hiy, H»x» at 0

Eq. (25) is a set of two coupled homogeneous, first-order partial differential equations for the two analytic functions
g1(z, 1) and g3(z, t). In order to solve the above equations, we consider the following eigenvalue problem

-1
H11 H12 771 0
- = . 26
[le sz}v [O n ! Y (26)

The two real eigenvalues of this eigenvalue problem can be determined to be

Hiin + Haons + v/ (Hint — Haons)? +4Hp Hionims

A= >0,
! 2
Hyni + Haons —/ (Himy — Hoons)? + 4H H
jp = TN Hoolis V( 117712 2213) Homns o 27
The corresponding two eigenvectors v and v associated with the two eigenvalues A1 and A, can be determined as
Hiom Hiam
V] = , V) = . 28
! [M—Hnm 27 | - Hum (28)

Apparently the following orthogonal relationships with respect to the two matrices

-1

m 0 Hyi  Hp
and -

[0 773_1} [le H>

hold
-1
=T [ 17, 0 -T | Hin Hpp
2 L=A,, 2 - 2 =A Ay, 29
|: 0 ny :| 2 [Hu Hy 142 29)
where 2 = [v; vz],and A| and A; are two 2 x 2 diagonal matrices given by
A& 0
Al—[o M], (30)
HixHipni + 773_1(%1 — Hiim)? 0
Ar= - 5 ) 31)
0 HipHiam +n3 (A2 — Hum)
We now introduce two new analytic functions Y1 (z, t) and Y3(z, t) which are related to g1 (z, ¢) and g3(z, t) through
g1(z, 1) Y1(Z,t)}
=2 . 32
[83(& t)} |:Y3(Z, 1) (32)

In view of Egs. (29) and (32), Eq. (25) can be decoupled as
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ey . hen

oz "o !

W3(z.t) . V3.t
@)y, M@0 (33)
0z ot

Due to the fact that at the initial time # = O, the interface x, = 0 is perfect, then the initial value for the two analytic
functions Y;(z, ) and Y3(z, t) are

@O | _ 1 o a[d] g - - . Ta | oTé
[Yg(z,O)]_%Q [J3](M1+M2) M; +M)B; <In(z —Z,) > (A;f+B;b), (34)

where J1 =[1 0 OJandJ3=[0 O 1]. As aresult the solutions to the two independent first-order partial differ-
ential equations in Eq. (33) are given by

3
Y1(z, 1) 1 N (I ) 1 v T3, »TH
= — In(z — zx —it/1g))R2 M +M M; +M)B I, (A;f+B;b), 35
|:Y3(Z,t):| 2711;(“(1 2k —it/Ap)) I3 (M; +My)~ ' (M; +M))BI (A f+B;b) (35)
where
. | In(z — zZx — it /A1) 0
(In(z — 2k —it/Ap)) = [ 0 In(z — 2 — it /o) | (36)
I =diag[1 0 0], Ip=diag[0 1 0], Iz=diag[0 0 1]. (37)
It follows from Eqgs. (32) and (35) that the two analytic functions g1 (z, t) and g3(z, t) are given by
@n]_ 1 o5 N .
S0 | = =2 (Ine — & —it/ap)2 7" | 11 | VL + M)~ My + MBI (ATE + Bb), (38)
g3(z, 1) 2mi -~ J3
where
A . 1H(Z—2k—it/)u1) 0
(In(z — 2 —ir/2p)) = [ 0 In(— 2 —it/h) | (39)
In view of Egs. (20), (21) and (38), the expressions of h(z, ¢) and g(z, t) are
0 0 0
B Y VB0 1 AT+ BT
BCO= ot |l Dn iy | BilinG = Z0)(A T+ BD)
0 0 0
1 0
U _mpemy i) my
i | MG MY MM
0 1
3 1 I 1 v T TR
x 2 Z(ln(z — Sk —it/Ap))R2” I; M; +Mp) "' (M; + MBIt (A;f+B;b),
k=1
Im{z} <O, (40)
1 0 0
1 MDD @0 YL /GO . .
= | W M M [ B BT
0 0 1
-1 0

(D 2) 1) | 772
= | Sy Mty
2wl | My +Myy My +My)
0 —1
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— 3 - - 1 J - - _ - _
x 2 Z(ln(z —Zi+ir/rp))R2 [J;] (M; + M)~ (M; + M)B I (ATf+ B{b)
k=1
1 A Tg TR
+ %Bl(ln(z —Za))(A1f+Bjb),
Im{z} > 0. (41)

Let ¢t = 0 in Egs. (40) and (41), we have

1 - . . . .
82, 0) = 7 —=(Mi +My)~' (M +Mp)By{In(z — o)) (AT + B]b).

1 . o © A mre 1 \ . .
h(z,0) = 7~ (M) + M)~ ' (Mz — M)By(In(z — 24))(ATf + BTb) + 2—7TiB1(ln(z —20))(ATE+Bib), (42)

which are the results for a line force and line dislocation interacting with a perfect bimaterial interface (Ting, 1992).
On the other hand if we let t = co in Eqgs. (40) and (41), we arrive at

B 0 0 0
1| m®m® oD MmOz ) )
12 M, 2 23 My 2 T T
g(z,00) = — OIYe) M, ;0 oo | Bi{ln(z —z))(A f+B;b
’ 2l | My +My) My My, My, +My, < >( )’
L 0 0 0
B 1 0 0
1 M(l)—l-/\;[(l) M(z)_M(l) M(1)+M(1) _ _ N A
12 TM, »n —My 23 tMy z T T
h(z,00) = — Ty 0,0 T D Bl(ln(Z - Za))(A1 f+ B, b)
2mi 2 +M;; 2 ™My 20 My,
N 0 0 1

1 R A N
+5=Bifin(z - Za))(ATT+B]b), (43)
which are the results for a line force and a line dislocation interacting with a free-sliding interface. With the solutions
for h(z, t) and g(z, t), one can then easily find the full-field solutions for the two original analytic functions f (z, ) in
the upper half-plane and f,(z, ¢) in the lower half-plane as

0 0 0
3 _ _
1 DD oD MDD . .
f)(z,1) = : ln(z* — %) B—l 12 12 22 23 23 BI, ATf+ BTb
o 2N~ BT S S ey [P ATEBD)
0 0 0
1 0
3 2 _ _
1 R : MDD Dy
+ — In(z} — Zx —it/Am))B5 " | — l(%) 1(z%) - %?) %3)
2ri I;mgl( “ > 2 My, +My, My, +My,
0 1
11T - _ - A A
x Q1,27 [J; (M; + M)~ (M + MBI (ATf+ BTb), (44)
1 0 0
3 _ _
1 _ MDD @y s |
fiz,)=-—) (In(zg —20)By" | ——H—% “H—% ——a-—& |BL(A[f+B]b
2ri k§< > ! My, +My, My +My, My, +My, ( ! ! )
0 0 1
—1 0
3 2 _
1 _ T 0L @
= : -1 12 +M5 3 tMy
+ — In(zg — 2k + it /Ap))B D 0 D 0
2mi ;mgl( ) ! My +My," My, +My,
0 —1
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T [g;] (M, + M)~ (M, + M,)B. I (ATE + BTH)

1 R . R
+ —(In(zo — 22))(ATE+B]b), (45)
2mi
where
I, =diag[l1 0], I,=diag[0 1]. (46)

The time-dependent displacement and stress fields induced by the line force and line dislocation can be obtained by
substituting Egs. (44) and (45) into Eq. (6).

4. Conclusions

We have derived the time-dependent 2D Green’s functions for an anisotropic bimaterial with a viscous interface
due to a line force and line dislocation by means of the Stroh formalism. The results derived in this research can be
further used to investigate: (1) a polygonal inclusion with uniform eigenstrains interacting with the viscous bimaterial
interface; (2) a crack interacting with the viscous bimaterial interface.
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